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Motivated by the fact that many bilayer quantum magnets occur in nature, we generalize the study
of thermal Hall transports of spin excitations to bilayer magnetic systems. It is shown that bilayer
magnetic systems can be coupled either ferromagnetically or antiferromagnetically. We study both
scenarios on the honeycomb lattice and show that the system realizes topologically nontrivial magnon
bands induced by alternating next-nearest-neighbour Dzyaloshinsky-Moriya interaction (DMI). As
a result, the bilayer system realizes both magnon Hall effect and magnon spin Nernst effect. We
show that antiferromagnetically coupled layers differ from ferromagnetically coupled layers by a
sign change in the conductivities as the magnetic field is reversed. Furthermore, Chern number
protected magnon edge states are observed and propagate in the same direction on the top and
bottom layers in ferromagnetically coupled layers, whereas the magnon edge states propagate in
opposite directions for antiferromagnetically coupled layers.
I. INTRODUCTION
Magnons are the collective excitations of ordered quan-
tum magnets such as ferromagnets or antiferromagnets.
In quantum magnetic systems that lack inversion symme-
try, the DMI (spin-orbit coupling)1 is present and leads to
chiral magnons with nontrivial topological properties2–7
similar to electronic systems8–10. As magnons are un-
charged (neutral) quasiparticles, they do not experience
a magnetic field in the Lorentz force as in the elec-
tronic version of Hall effect. Instead, they exhibit a
thermal version of Hall effect in which a temperature
gradient ∇T transports a heat current JQ2,3,5,12,14,15.
The DMI generates a nonzero Berry curvature given
by11 Ω(k) = ∇k × A(k), where A(k) is a DMI depen-
dent vector potential. The Berry curvature acts as an
effective magnetic field by altering the propagation of
magnons in the system, thus leads to thermal Hall effect
dubbed magnon Hall effect2,3, as well as magnon spin
Nernst effect12. These two phenomena are characterized
by two conductivities — transverse thermal conductivity
κxy and transverse spin Nernst conductivity αsxy. They
are both directly related to the Berry curvature of the
magnon bulk bands reminiscent of Hall conductivity in
electronic systems13. However, in contrast to electronic
systems, there is no completely filled bands in bosonic
systems, so each magnon band contributes a term to κxy
and αsxy, and the Chern number of the system simply
leads to protected chiral magnon edge states.
The first experimental realization of magnon Hall ef-
fect has been reported in three-dimensional (3D) py-
rochlore ferromagnetic insulators Lu2V2O7, Ho2V2O7,
and In2Mn2O73,4. Quite recently, magnon Hall effect has
been observed in 2D kagome magnet Cu(1-3, bdc)16,17.
Both theory and experiment show that the topology of
the system leads to a sign change in κxy as a function of
temperature or magnetic field on the kagome lattice15–17
and a sign change in κxy as the magnetic field is reversed
on the pyrochlore lattice3,4. These experimental obser-
vations have propelled a possibility of numerous experi-
mentally accessible 2D ferromagnets in different lattices
that exhibit nontrivial topological spin excitations. In
this regard, magnon Hall transports have been proposed
on a single-layer Lieb ferromagnet19 with three magnon
bulk bands, in which a sign change was also observed in
κxy. The honeycomb ferromagnet is special as it applies
to experimentally accessible graphene sheet8,9,18. It also
forms an example of nontrivial topological energy bands
in electronic systems10. In the context of magnon Hall
transports, the author has recently shown that nontrivial
magnon bands and magnon Hall effect could be accessi-
ble in a single-layer honeycomb quantum ferromagnets,
in which a DMI is allowed by the alternating triangular
plaquettes of the next-nearest-neighbour sites20,21. For
the honeycomb lattice, κxy shows no sign change for all
parameters of the system21. Recent study has shown that
the proposed honeycomb ferromagnetic system also ex-
hibits spin Nernst effect22. It has been previously shown
that an interfacial contact between two magnon insula-
tors can lead to nontrivial transport properties on the
kagome ferromagnet23.
Motivated by these theoretical and experimental real-
izations of thermal Hall effects of spin excitations and the
experimental realizations of bilayer honeycomb-lattice
quantum magnetic compounds such as Na3Cu2SbO624,
β-Cu2V2O725, and A2IrO3 (A= Na, Li)26,27, we study
thermal Hall transports of magnons in bilayer honey-
comb magnetic systems. Generalization to other bilayer
systems is straightforward. We show that two layers of
magnon insulators with the same DMI can be coupled
either ferromagnetically or antiferromagnetically. In the
former, we show that the presence of an alternating next-
nearest-neighbour DMI generates Berry curvatures and
dissipationless magnon edge states, which propagate in
the same direction on the top and the bottom layers of the
bilayer system. We compute the thermal Hall and spin
Nernst conductivities. For the latter case, the spins on
the upper/lower layer point in opposite direction to those
on the lower/upper layer, hence the interlayer couplings
become antiferromagnetic. In this case, we show that
magnon edge states propagate in opposite directions. As
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2a result, thermal Hall and spin Nernst conductivities also
show a change sign as the magnetic field is reversed. This
result is interesting because it is what is seen experimen-
tally in many ferromagnetic insulators3,4. As thermal
Hall transports of magnons await experimental obser-
vation on the honeycomb lattice, our results open new
avenue to search for 2D and 3D bilayer systems with
nonzero thermal Hall transports.
II. BILAYER MAGNON INSULATOR
Bilayer magnon insulators consist of two single-layer
of magnon insulators coupled either ferromagnetically or
antiferromagnetically as shown in Fig. 1. The Hamilto-
nian is governed by
H = HFM,τ +HDMI,τ +Hext,τ +Hint., (1)
where, Hτ represents the single-layer Hamiltonians for
the top τ = T and bottom τ = B layers respectively,
HDMI,τ represents the DMI interactions on both layers,
Hext,τ is the external magnetic field on each layer, and
Hint is the interlayer couplings between them. For the
honeycomb lattice, they are given by
HFM,τ = −J
∑
〈i,j〉
Sτi · Sτj (2)
HDMI,τ = D
∑
〈〈i,j〉〉
νij zˆ · Sτi × Sτj , (3)
Hext,τ = −h
∑
i
Sτi,z, (4)
Hint. = −
∑
i∈T,j∈B;α
JαSi · Sj , (5)
where Si is the spin moment at site i, J > 0 is a nearest-
neighbour (NN) ferromagnetic interaction on each layer,
and D is the magnitude of the DMI which is allowed by
the next-nearest-neighbour (NNN) triangular plaquettes
on the honeycomb lattice, where νij = ±1 represents
hopping from left to right and vice versa on the NNN
sites. The Zeeman magnetic field is h in units of gµB .
The interlayer NN interactions Jα > 0 denotes all the
possible interlayer couplings depicted in Fig. 1.
III. MAGNON BANDS
In this section, we present the band structure of the
bilayer honeycomb magnetic system using the linearized
HP boson representation of the spin operators28, which
is valid at low-temperature when few magnons are ther-
mally excited. In fact, this formalism has been employed
frequently in the study of thermal Hall transports of
magnons in ferromagnetic systems2,3,5,11,15. It is also
supported in recent experimental realizations3,16,17.
FIG. 1: Color online. Lattice structure of ferromagnetically
coupled bilayer honeycomb ferromagnet with various hop-
ping parameters. For antiferromagnetically coupled layers,
the spins on the upper layer point in opposite direction to
those on the lower layer.
A. Ferromagnetically coupled layers
We first start with ferromagnetically coupled layers,
Jα > 0. Using the linearized HP transformation, the
magnon tight binding hopping model is given by
Hτ = v
′
s
∑
i
b†i bi − vs
∑
〈ij〉
b†i bj − vD
∑
〈〈ij〉〉
iνijb
†
i bj , (6)
Hint. =
∑
i∈T,j∈B;α
vα[(b
†
i bi + b
†
jbj)− (b†i bj + b†jbi)], (7)
where v′s = zvs+h, vs(vD) = JS(DS), and z = 3 is coor-
dination number of the lattice. The interlayer coupling is
vα = JαS. Similar to AB-stacked bilayer graphene29–32
there are three kinds of interlayer couplings as shown in
Fig. 1. We identify the bottom layer with two sublat-
tices labeled A1 and B1, and the top layer with A2 and
B2. The exchange interaction J0 couples B1 and A2,
J1 couples A1 and B2, and J2 couples A1 and A2, B1
and B2. In Fourier space the momentum space Hamilto-
nian is given by H =
∑
k ψ
†
k · HFM (k) · ψk, with the ba-
sis ψ†k = (b
†
kA1
, b†kB1 , b
†
kA2
, b†kB2), where the Bogoliubov
Hamiltonian is given by
HFM (k) =
(
A1(k) B(k)
B†(k) A2(k)
)
, (8)
where
A1(k) =
(
A1 +mk −vsfk
−vsf∗k B1 −mk
)
, (9)
A2(k) =
(
A2 +mk −vsfk
−vsf∗k B2 −mk
)
, (10)
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FIG. 2: Color online. The magnon bulk bands of the spin-1/2
bilayer ferromagnet along ky = 0 at vs = 0.5, h = 0.1, v0 =
0.25, v1 = v2 = 0: (a) vD = 0.0 (b) vD = 0.05.
B(k) =
( −v2fk −v1fk
−v0 −v2fk
)
, (11)
where A1 = B2 = v′s + z(v1 + v2), and B1 =
A2 = v
′
s + v0 + zv2. The lattice factor is fk =
eikya/2
(
2 cos
√
3kxa/2 + e
−3ikya/2) , and the mass is
mk = 4vD sin
√
3kx
2
(
cos
√
3kx
2 − cos 3ky2
)
, with mk =
−m−k. Notice that the shifting parameters A1 and B1
are the major differences between the bilayer magnon in-
sulator and that of spin orbit coupled AB-stacked bilayer
graphene33. As a result for v1 = v2 = 0, the eigenvalues
of the bilayer magnon insulator yields

(1)
± = v
′
s ±
√
m2k + |vsfk|2, (12)

(2)
± = v
′
s + v0 ±
√
m2k + v
2
0 + |vsfk|2. (13)
At the Dirac points K± = (±4pi/3
√
3a, 0), fk = 0 and
mk = m = 3
√
3vD. The lowest band 
(1)
− has a Goldstone
mode at Γ = (0, 0) when h = 0. The evolution of the
magnon bands are shown in Fig. 2. For vD = v1,2 = 0
there are three gapless bands at K± as opposed to AB-
stacked bilayer graphene29–32.
B. Antiferromagnetically coupled layers
The magnon insulator can also be coupled antiferro-
magnetically. In this case, the spins on the upper layer
are designed to point in opposite direction to those on
the lower layer, hence the interlayer couplings become
antiferromagnetic with Jα < 0. To capture the cor-
rect magnetic excitations, we perform a pi-rotation about
the Sx-axis on the upper layer, that is Sxi,j → Sxi,j ,
Syi,j → −Syi,j , Szi,j → −Szi,j (see Appendix A). This rota-
tion does not change the ferromagnetic nature of the up-
per layer HFM,T , but it rotates the spins along the new
z-axis and changes the sign of upper-layer out-of-plane
DM interaction, HDMI,T and the upper-layer external
magnetic field Hext,T . In the HP bosonic representation,
the interlayer coupling has the form
HAFMint. =
∑
i∈T,j∈B;α
|vα|[(b†i bi + b†jbj) + (b†i b†j + bjbi)].
(14)
Introducing the Nambu operators Ψ†k = (ψ
†
k, ψ−k), the
momentum space of the total Hamiltonian can be written
asH = 12
∑
k Ψ
†
k·HAFM (k)·Ψk+const., whereHAFM (k)
is a 2N × 2N ( N is the number of sublattices) matrix
given by
HAFM (k) =
( A(k) B(k)
B∗(−k) A∗(−k)
)
. (15)
The matrices A(k) and B(k) are given by
A(k) =
(
A ′1(k) 0
0 A ′∗2 (−k)
)
. (16)
B(k) =
(
0 B′(k)
B†′(k) 0
)
. (17)
where A ′1(k) = A1(k) and A ′2(k) = A2(k) with A1 =
zvs + h + z(|v1| + |v2|), B1 = zvs + h + |v0| + z|v2|,
A2 = zvs−h+ |v0|+ z|v2|, B2 = zvs−h+ z(|v1|+ |v2|).
Also B′(k) = B(k) with −vα → |vα|. Due to the mass
term A(k) 6= A∗(−k), but B(k) = B∗(−k).
The Hamiltonian is hermitian but not diagonal. It can
be diagonalized by the generalized Bogoliubov transfor-
mation Ψk = PkQk, where Pk is a 2N × 2N matrix and
Q†k = (Q†k, Q−k) with Q†k = (α†kA1 α†kB1 α†kA2 α†kB2) be-
ing the quasiparticle operators. The matrix Pk satisfies
the relations,
P†kHAFM (k)Pk = (k); P†kηPk = η, (18)
with η = diag(IN×N ,−IN×N ), and (k) is the diagonal
matrix of the quasiparticle energy eigenvalues. Using the
fact that P†k = ηP−1k η, then Eq. 18 is equivalent to saying
that we need to diagonalize a non-hermitian Hamiltonian
ηHAFM (k) =
( A(k) B(k)
−B∗(−k) −A∗(−k)
)
, (19)
whose eigenvalues are given by η(k) = [µ(k),−µ(k)]
and the columns of Pk are the corresponding eigenvec-
tors. We could not find an analytical expression in this
case. Figure 3 shows the positive energy bands. At the
Dirac points K±, the eigenvalues can be found analyti-
cally. They are given by 1 = m + A1, 2 = m + B2,
3,4 = ±h −m +
√
[(B1 + A2)/2]2 − v20 . A careful cal-
culation also shows that antiferromagnetically coupled
bilayer ferromagnets behaves very similar to antiferro-
magnetically coupled bilayer antiferromagnets with Néel
states, i.e., J, Jα < 0. For the most part of this paper,
we will focus on the special limit v1 = v2 = 0 for simplic-
ity. In many cases of physical interest, the magnetic field
can induce canting of spins in antiferromagnetic systems.
This scenario is analyzed in Appendix B.
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FIG. 3: Color online. Magnon bulk bands of spin-1/2 antifer-
romagnetically coupled layers along ky = 0. The parameters
are the same as Fig. 2 respectively.
IV. TOPOLOGICAL MAGNON TRANSPORTS
A. Magnon edge states
We now study the main purpose of this paper — ther-
mal Hall transports of magnons. As the DMI plays the
same role as spin-orbit coupling33, topological effects in
magnon insulators stem from nontrivial properties of the
chirality-induced Berry curvatures. This directly implies
the propagation of magnon edge states on the edges of
each layer. Having diagonalized the Hamiltonians, the
Berry curvature of the magnon bulk bands can be writ-
ten as
Ωij;µ(k) = −2
∑
µ′ 6=µ
Im[〈Pkµ|vi|Pkµ′〉 〈Pkµ′ |vj |Pkµ〉]
(kµ − kµ′)2
,(20)
where vi = ∂HFM (k)/∂ki defines the velocity operators
with i, j = x, y. The columns of Pkµ are the eigenvec-
tors, and µ labels the bands. For antiferromagnetically
coupled layers, vi = ∂[ηHAFM (k)]/∂ki and Pkµ is parau-
nitary. In the antiferromagnetic case the Berry curvature
can be written alternatively as
Ωij;µ(k) = −2Im[η(∂kiP†kµ)η(∂kjPkµ)]µµ, (21)
which can be used for systems with explicit analytical
form of Pkµ. The Berry curvature for ferromagneticcally
coupled layers is shown in Fig. 4(a) and antiferromag-
neticcally coupled layers in Fig. 4(b). In the former, only
the Berry curvatures corresponding to the bands (1)± are
peaked at the Dirac points. This is due to the biased
nature of the system. On the other hands, the latter
Berry curvatures for each band is suppressed at three cor-
ners of the Brillouin zone [see the corresponding bands
in Fig. 3(b)]. Although magnon Hall transports are in-
duced by the Berry curvatures, the Chern numbers can
still be defined for bosonic systems as the integration of
the Berry curvature over the first Brillouin zone given by,
Cµ = 1
2pi
∫
BZ
dkxdky Ωxy;µ(k). (22)
For ferromagnetically coupled layers, the Chern number
of the bands (1)± and 
(2)
± are given by Cµ = [2,−2, 0, 0]
and antiferromagnetically coupled layers, we find Cµ =
[2,−2, 2,−2]. We see that the sum of the Chern num-
bers is zero as can also be seen from the Berry cur-
vatures. Similar to AB-stacked bilayer graphene33, the
Chern numbers are double that of single layer20. This
implies that the edge states are also double that of sin-
gle layer [Fig. 5(a) (i)] as depicted in Figs. 5(a) (ii) and
(iii) and 5(b) (i) − (iii). We also observe magnon edge
states at zero DMI [Figs. 5(a) and 5(b) (iv)], which is not
protected by any Chern number similar to AB-stacked bi-
layer graphene34. The magnon edge states for ferromag-
netically and antiferromagnetically coupled layers differ
by the direction of propagation as shown schematically
in Figs. 6(a) and 6(b).
(a) (b)
FIG. 4: Color online. Berry curvatures of spin-1/2 bilayer
honeycomb quantum magnets for bands (1)− and 
(2)
− (upper
panel) and (1)+ and 
(2)
+ (lower panel). (a) Ferromagnetic cou-
pling. (b) Antiferromagnetic coupling. The parameters are
the same as Figs. 2(b) and 3(b) respectively.
B. Magnon Hall and Spin Nernst effects
Theoretically, thermal Hall effect of magnons is mani-
fested due to the nontrivial topology of the magnon band
structures induced by the DMI. The non-vanishing Berry
curvatures induce an effective magnetic field in the sys-
tem, upon the application of a longitudinal temperature
gradient −∇T . Figure 7(a) shows the schematic repre-
sentation of magnon Hall effect, in which a longitudinal
temperature gradient induces a transverse heat current
JQ. The propagation of magnon in the bilayer system
is deflected by the DMI on the top and bottom layers.
This leads to thermal Hall effect2 characterized by the
transverse thermal Hall conductivity given by7,11 κxy =
−k2BT~V
∑
k
∑N
µ=1 c2[g (kµ)]Ωxy;µ(k), where V is the vol-
ume of the system, kB is the Boltzmann constant, T is
the temperature, g(kµ) = [ekµ/kBT − 1]−1 is the Bose
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FIG. 5: Color online. Magnon edge states of bilayer spin-1/2 honeycomb ferromagnet in the zigzag geometry for v1 = v2 = 0
and vs = 0.5, h = 0.1. (a) Ferromagnetic coupling, (i) vD = 0.1, v0 = 0; (ii) vD = 0.1, v0 = 0.05; (iii) vD = 0.1, v0 =
0.25; (iv) vD = 0.0, v0 = 0.5. (b) Antiferromagnetic coupling, (i) vD = 0.1, v0 = 0.05; (ii) vD = 0.1, v0 = 0.25; (iii) vD =
0.1, v0 = 0.5; (iv) vD = 0.0, v0 = 0.5. The bands in Figs. 2(b) and 3(b) correspond to a (iii) and b (ii).
(a) (b)
FIG. 6: Color online. Schematics of the propagation of chiral
magnon edge states. (a) Ferromagnetically coupled layers.
(b) Antiferromagnetically coupled layers.
function, c2(x) = (1 + x)
(
ln 1+xx
)2 − (lnx)2 − 2Li2(−x),
and Li2(x) is a dilogarithm.
In what follows, we focus on the simplified model v1 =
v2 = 0 with nonzero v0, vD. The trend of the thermal
conductivity is shown in Fig. 8(a) for several values of vD
and fixed v0 = 0.5. At T = 0, κxy = 0 and decreases ex-
ponentially for large temperature approaching a constant
value for very large temperature but never changes sign.
Increasing the DMI, vD, decreases κxy. The contour plot
of κxy in Fig. 8(b) shows no sign change by reversing the
magnetic field. As previously mentioned, magnon edge
state propagation also carries a transverse spin current
which leads to spin Nernst effect depicted in Fig. 7(b). It
can be understood as two copies of magnon Hall effects
with opposite spins. It is characterized by a conductiv-
ity given by12 αsxy = kBV −1
∑
kµ c1 (nµ) Ωxy;µ(k), where
c1(x) = (1 + x) ln(1 + x)− x lnx. Due to the Berry cur-
(a) (b)
FIG. 7: Color online. Schematics of magnon Hall effect (a)
and spin Nernst effect (b) in ferromagnetically coupled layers.
In magnon Hall effect, the propagation of magnon is deflected
by the DMI upon the application of temperature gradient
∇T and an induced heat current JQ; whereas for spin Nernst
effect, opposite spins propagate in different directions. Notice
that for antiferromagnetically coupled layers, the schematic
representation of magnon Hall effect is equivalent to (b), since
the upper layer has an opposite DMI as shown in Eq. 15.
vature, αsxy has a similar feature as κxy except that it is
now positive as shown in Fig. 8(c). The spin Nernst con-
ductivity also vanishes at zero temperature as there are
no thermal excitations but the DMI, vD increases αsxy.
We see that αsxy does not show any sign change for all
parameters considered as shown in Fig. 8(d).
For antiferromagnetically coupled layers, the propaga-
tion of magnons are deflected in opposite directions by
opposite signs of DMI on each layer (see Eq. 15). In ad-
dition, the Berry curvature changes sign as the magnetic
field is reversed (not shown). Hence, the topology of the
system is different from ferromagnetically coupled lay-
ers. This is manifested explicitly in the conductivities as
shown in Figs. 9(a) and 9(b). The sign change in κxy and
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FIG. 8: Color online. Plot of κxy and αsxy for spin-1/2 fer-
romagnetically coupled layers. (a) κxy vs. T/J , (b) Contour
plot of κxy in T/J and h/J plane; (c) αsxy vs. T/J ; (d)
Contour plot of αsxy in T/J and h/J plane. The parameters
for (a) and (c) are kB = ~ = 1, vs = v0 = 0.5, h = ±0.5,
v1 = v2 = 0, and several values of vD. For (b) and (d),
vs = v0 = 0.5; vD = 0.05.
(a) (b)
FIG. 9: Color online. (a) Contour plot of κxy in T/J and h/J
plane for spin-1/2 antiferromagnetically coupled layers. (b)
Contour plot of αsxy in T/J and h/J plane. The parameters
are kB = J = ~ = 1, vs = 0.5 v0 = 0.5, vD = 0.05; v1 = v2 =
0.
αsxy as the magnetic field is reversed is the manifestation
of the band topology of the system for antiferromagnet-
ically coupled layers. A different sign change has been
studied on the kagome lattice. In this case, Ref. [14] ex-
plains the sign change in κxy as a consequence of the
sign change in Berry curvature of the highest band and
Ref. [15] argues that the sign change in κxy is a conse-
quence of the propagation of the magnon edge states,
however, with a NNN interaction. The origin of the
sign change on the kagome ferromagnets is still not well-
understood theoretically. In the present case with anti-
ferromagnetic coupling, reversing the magnetic field flips
the spin moments on both layers and thus changes the
sign of the spin and bosonic operators in HP transfor-
mation (see Appendix A). This has an important conse-
quence on the sign of the DMI on each layer and affects
the signs of the conductivities.
V. CONCLUSION
We have presented a detail study of magnon Hall trans-
ports in AB-stacked bilayer honeycomb magnon insu-
lators. We show that the interlayer couplings between
two ferromagnetic magnon insulators can be treated fer-
romagnetically or antiferromagnetically. For ferromag-
netic coupling, we present explicit calculation based on
magnon tight binding model obtained from linearized HP
transformation. We show that the system behaves simi-
larly to AB-stacked bilayer graphene and possesses non-
trivial topological magnon bulk bands and Berry curva-
tures. However, for magnon insulators the propagation
of edge states give rise to thermal Hall effect and spin
Nernst effect. We show that for ferromagnetically cou-
pled layers, the conductivities characterizing these effects
are very similar to single-layer honeycomb magnon insu-
lator with no sign change. For antiferromagnetically cou-
pled layers, we show that the topological nature of the
magnon bands is different. Magnon edge states propa-
gate in opposite directions and the conductivities of ther-
mal Hall response show a sign change as the magnetic
field is reversed.
To the best of our knowledge, thermal Hall effect of
magnons has been observed experimentally only in fer-
romagnetic insulators without inversion symmetry. The
Lieb and honeycomb lattices still await experimental ob-
servation. In these systems, spin-orbit coupling (DMI)
can be induced in many different ways. For the hon-
eycomb lattice, it is also possible to utilize ultracold
bosonic atoms trapped in optical lattice at finite but low
temperatures, since the bosonic tight binding model is
reminiscent of tight binding model in electronic systems,
where the Haldane model has been realized experimen-
tally in optical fermionic lattice38. The most important
result of our study is that it opens new possibilities to
search for bilayer magnon Hall transports in other lat-
tices without inversion symmetry (such as the kagome
and pyrochlore lattices), where nontrivial topological ef-
fects and magnon Hall effect have been realized experi-
mentally. Our study also generalizes the study of magnon
spintronics to bilayer systems. This model can also be
studied using the spinon (Schwinger boson) representa-
tion. The Hamiltonian in this representation is an 8-band
model, which can be regarded as two copies of Holstein-
Primakoff Hamiltonians, one for each spin degree of free-
dom. The magnon bands and the associated magnon
edge states are similar to that of gated AB-stacked bilayer
graphene39. Both representations give similar results,
however recent experimental results on the kagome mag-
net Cu(1-3, bdc) confirms that the Holstein-Primakoff
boson representation gives a better estimate than the
spinon representation16,17.
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Appendix A: Holstein-Primakoff representation
This appendix presents the well-known Holstein-
Primakoff representation of spin operators. At low tem-
perature, only few magnons are thermally excited. The
linearized Holstein-Primakoff (HP) representation can be
used to calculate the magnetic spin excitations. For the
bilayer system, there are four sublattices, the HP repre-
sentation for ferromagnetically coupled layers are given
by
Szjα = S − b†jαbjα, (A1)
Syjα = i
√
S
2
(b†jα − bjα), (A2)
Sxjα =
√
S
2
(b†jα + bjα), (A3)
where α = A1, B1, A2, B2 label the sublattices. Similar
representation holds for spins at site i. When the mag-
netic field changes sign as Hext,τ = h
∑
j S
τ
j,z, we imagine
that the spins on both layers point in the direction of the
field. The HP transformation is the same, except that
we have to take Szjα = −S + b†jαbjα, which accounts for
spins pointing in the negative z-direction. The magnon
band structures are the same in both cases.
For antiferromagnetically coupled layers, the spins on
the top layer are designed to point in opposite direction
to those on the lower layer or vice versa, and the magnetic
field is applied along the positive z-direction. The inter-
layer coupling are replaced with Jα → −|Jα|. To capture
the correct magnetic excitations, we write two different
HP transformations for the top and bottom layers. For
the bottom layer with up pointing spins we write
Szjα = S − b†jαbjα, (A4)
Syjα = i
√
S
2
(b†jα − bjα), (A5)
Sxjα =
√
S
2
(b†jα + bjα), (A6)
where α = A1, B1 label the sublattices on the bottom
layer. For the top layer with down pointing spins we
write
Szjα = −S + b†jαbjα, (A7)
Syjα = i
√
S
2
(bjα − b†jα), (A8)
Sxjα =
√
S
2
(b†jα + bjα), (A9)
where α = A2, B2 label the sublattices on the top layer.
Notice the signs of Eq. A7 and A8; see for example
Ref. [40]. This corresponds exactly to rotating the spins
on the upper layer by pi about the Sx direction to align
them in the same direction as the bottom layer. When
the magnetic field changes sign, we imagine that the spins
on the top and bottom layers change direction as well,
then Eqs. A4–A6 apply to the top layer and Eqs. A7–
A9 apply to the bottom layer. In this case, the magnon
band structures are very similar in both cases, but the
topology of the system is different as shown above. At
zero magnetic magnetic field, time-reversal symmetry is
preserved and the band structure is doubly degenerate
for v1 = v2 = 0 as shown in Fig. 10 (a). Notice the linear
dispersion near Γ, which is an artifact of the low-energy
excitations of antiferromagnetic quantum magnets.
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FIG. 10: Color online. Magnon bands of spin-1/2 antifer-
romagnetically coupled layers at zero magnetic field along
ky = 0 at h = 0, vs = 0.5: (a) v0 = 0.25, v1 = v2 = vD = 0.
(b) v1 = 0.25, v0 = v2 = vD = 0. (c) v2 = 0.25,
v0 = v1 = vD = 0. (d) v0 = v1 = v2 = vD = 0.125..
Appendix B: Field-induced canting in bilayer
antiferromagnets
In many cases of physical interest, the magnetic field
induces canting of spins in antiferromagnets. In this sec-
tion, we consider this scenario in antiferromagnetically
8coupled layers governed by the Hamiltonian
H = J
∑
〈i,j〉
Sτi · Sτj +D
∑
〈〈i,j〉〉
νij zˆ · Sτi × Sτj − h
∑
i
Sτi,z,
+ J0
∑
i∈T ;j∈B
Si · Sj , (B1)
where J is a nearest-neighbour interaction, D is a stag-
gered DMI allowed by the next-nearest-neighbour trian-
gular plaquettes on the honeycomb lattice, and νij = ±1.
The Zeeman field is h in units of gµB and J0 > 0 is the
antiferromagnetic interlayer coupling.
For antiferromagnetically coupled ferromagnets con-
sidered above, J < 0. Because of antiferromagnetic cou-
pling between the layers, the magnetic field can introduce
canting on each layer. In this case, we rotate the coor-
dinate axes such that the z-axis coincides with the local
direction of the classical polarization. The appropriate
rotation on the two sublattices is given by
Sxi,τ = ±S′xi,τ sinχ± S′zi,τ cosχ,
Syi,τ = ±S′yi,τ , (B2)
Szi,τ = −S′xi,τ cosχ+ S′zi,τ sinχ,
where ± applies to τ = B and τ = T respectively. This
rotation does not affect the ferromagnetic term on each
layer (J → −|J |).
In this system both the out-of-plane DMI (D = Dz)
and the in-plane DMI (D = Dx) contribute to linear
order in spin wave theory valid at low temperatures. For
D ‖ B, the rotation in Eq. B2 rescales the DMI as D →
D sinχ. On the other hand, for D ⊥ B, we have D →
D cosχ. However, the DMI does not contribute to the
classical energy given by
Ecl/NS = −3
2
JS − h sinχ− 1
2
J0S cos 2χ, (B3)
where N is the total number of sites. Minimizing the
classical energy yields that canting angle sinχ = h/hs,
where hs = 2J0S. The J term is invariant as mentioned
above but the DMIs are given by
HτDMI,z = Dz,χ
∑
〈〈i,j〉〉
νij zˆ · Si × Sj , (B4)
HτDMI,x = ∓Dx,χ
∑
〈〈i,j〉〉
νij zˆ · Si × Sj , (B5)
where Dz,χ(Dx,χ) = D sinχ(cosχ) and the primes have
been dropped. The latter case changes sign on the top
and bottom layers as shown in the text. Using the
Holstein-Primakoff transformation
Szi = S − b†i bi,
Syi = i
√
S/2(b†i − bi), (B6)
Sxi =
√
S/2(b†i + bi),
the interlayer coupling is given by
Hint = J0S
∑
i∈T,j∈B
[
(ni + nj) cos 2χ− (b†i bj + h.c.) sin2 χ
+ (b†i b
†
j + h.c.) cos
2 χ
]
.
It is straight forward to compute the magnon bands. In-
terestingly, at the saturation field h = hs one recovers
ferromagnetic coupled layers.
For fully antiferromagnetic coupled layers with J, J0 >
0, the appropriate rotation for the bottom layer is given
by
Sxi,A1(B1) = ±S′xi,A1(B1) sinχ± S′zi,A1(B1) cosχ,
Syi,A1(B1) = ±S
′y
i,A1(B1)
, (B7)
Szi,A1(B1) = −S′xi,A1(B1) cosχ+ S′zi,A1(B1) sinχ.
For the top layer, we perform the rotation
Sxi,A2(B2) = ∓S′xi,A2(B2) sinχ∓ S′zi,A2(B2) cosχ,
Syi,A2(B2) = ∓S
′y
i,A2(B2)
, (B8)
Szi,A2(B2) = −S′xi,A2(B2) cosχ+ S′zi,A2(B2) sinχ.
The terms that contribute to linear spin wave theory are
as follows,
H
T (B)
J = J
∑
〈i,j〉
[cos 2χ(Si,xSj,x − Si,zSj,z)− Si,ySj,y],
(B9)
H
T (B)
DMI,z = Dz,χ
∑
〈〈i,j〉〉
νij zˆ · Si × Sj , (B10)
H
T (B)
DMI,x = ∓Dx,χ
∑
〈〈i,j〉〉
zˆ · Si × Sj , (B11)
H
T (B)
Z = −h sinχ
∑
i
Si,z, (B12)
HJ0 = J0
∑
i∈T ;j∈B
[cos 2χ(Si,xSj,x − Si,zSj,z)− Si,ySj,y].
(B13)
The classical energy is given by
Ecl/NS = −3
2
JS cos 2χ− h sinχ− 1
2
J0S cos 2χ.
(B14)
Minimization yields hs = 2(3J + J0)S.
Appendix C: Bilayer Bose-Hubbard model
In this appendix, we discuss bilayer honeycomb Bose-
Hubbard model, recently studied numerically and shown
9to exhibit non-zero Berry curvature and bosonic edge
states36. The Hamiltonian is given by
H = −t
∑
〈ij〉,τ
(b†i,τ bj,τ + b
†
j,τ bi,τ )−
∑
i,τ
(µ+ Ui)ni,τ ,
(C1)
Hint. = −t0
∑
i∈T,j∈B
(b†i bj + b
†
jbi), (C2)
where, t > 0 denotes NN hopping, µ is the chemical
potential, and Ui is a staggered on-site potential with
Ui = ∆ for i ∈ T and Ui = −∆ for i ∈ B, ni = b†i bi is the
occupation number which is either 0 or 1. b†i and bi are
the bosonic creation and annihilation operators respec-
tively. They obey the hard-core constraints [bi, b
†
j ] = 0
for i 6= j and {bi, b†i} = 1. In the first approximation,
only the vertical interlayer coupling t0 contributes, while
2∆ is the interlayer potential difference.
In this system, the DMI is zero (causes a sign prob-
lem in QMC) and nonzero Berry curvature is induced
by the staggered onsite potential without a QMC sign
problem36. In order to study the bilayer Bose-Hubbard
model analytically, it is expedient to map it to quantum
spin Hamiltonian since the bilayer Bose-Hubbard model
is a hard-core boson model. This is achieved via the
transformation35, S+i → b†i , S−i → bi, Szi → ni − 1/2.
The resulting quantum spin Hamiltonian is given by
H = −J
∑
〈ij〉,τ
(S+i,τS
−
j,τ + S
−
i,τS
+
j,τ )−
∑
i,τ
(µ+ Ui)S
z
i,τ ,
(C3)
Hint. = −J0
∑
i∈T,j∈B
(S+i S
−
j + S
−
i S
+
j ), (C4)
where S± = Sx ± iSy and t(t0)→ J(J0).
For J0 = 0, this model reduces to single-layer Bose-
Hubbard model on the honeycomb lattice, where Ui can
be considered as a staggered sublattice potential (mag-
netic field). There are several insulating phases uncov-
ered by QMC phase diagram36. We have recently com-
plemented the QMC results using the present HP bosonic
method37. We uncovered the same quantum phase dia-
gram and Berry curvatures seen in QMC36. Thus, the
topological properties of the single-layer Bose-Hubbard
model uncovered by QMC correspond exactly to topo-
logical properties of magnon bulk bands of the corre-
sponding spin-1/2 quantum magnets. This is due to the
mapping between hard-core bosons and quantum spin
systems. We also noticed that the Berry curvature of
each band shows equal and opposite peaks at the corners
of the Brillouin zone37. This means that the integrated
Berry curvature vanishes identically for each band, hence
thermal Hall effect is not expected to manifest in this
system without the DMI. For the bilayer model J0 6= 0,
the analysis follows a similar procedure. In the HP bo-
son representation, one performs spin wave theory about
each insulating phase, then it is straightforward to study
the magnetic excitations in each insulating phase similar
to single-layer system37.
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